G. 1. Taylor, Scientific Papers, Vol. 8, Cambr. Univ. Press, Cambridge (1963).

3. G. R. Hoggatt and R. F. Recht, "Fracture behavior of tubular bombs,”" J. Appl. Phys.,
39, No. 3 (1968).

4, V. A. Odintsov, V. V. Selivanov, and L. A. Chudov, "The expansion of an ideally plastic
cylindrical shell under the action of detonation products," Zh. Prikl. Mekh. Tekh. Fiz.,
No. 2 (1974).

5. V. A. Odintsov and V. V. Selivanov, "The behavior of a rigidly plastic cylindrical shell
under the action of internal pressure,'" Zh. Prikl. Mekh. Tekh. Fiz., No. 3 (1975).

6. A. G. Ivanov, S. A, Novikov, and V. A. Sinitsyn, "An investigation of elastoplastic
waves in iron and steel in connection with explosive loading,'" Fiz. Tverd. Tela, 5, No.
1 (1963).

7. N. A. Zlatin, G. S. Pugachev, et al., "The temporal dependence of the strength of metals
in connection with longevities of the microsecond range," Fiz. Tverd. Tela, 17, No. 9
(1975).

8. V.-A. Odintsov, V. V. Selivanov, and L. A. Chudov, "The motion of an elastoplastic shell
with a phase transition under the action of detonation products,' Mekh., Tverd. Tela, No.
3 (1974).

9. V. A, Odintsov, V. V. Selivanov, and L. A. Chudov, "The expansion of a thick-walled
cylindrical shell under the action of an explosive load," Mekh. Tverd. No. 5 (1975).

10. G. V. Stepanov, Elastoplastic Deformation of Materials under the Action of Pulse Loads
[in Russian], Naukova Dumka, Kiev (1979).

1. E. F. Gryaznov, V. A. Odintsov, and V. V. Selivanov, "Smooth annular fragments," Mekh.

Tverd. Tela, No. 6 (1976).

N

PLASTIC DEFORMATIONS OF A CYLINDRICAL SHELL UNDER THE
ACTION OF A PLANAR EXPLOSION WAVE

R. G. Yakupov UDC 539.374

A thin-walled circular cylindrical shell of infinite length is located in the ground.
At a specified distance from the shell a planar charge of explosive material, of infinite
length along the direction of the cylinder axis, explodes, and a planar plastic shock wave
develops in the medium. The wave front is parallel to the cylinder directrix, and the wave
parameters are known. It is necessary to find the residual cylinder deformations as a func-
tion of explosion wave pressure.

We will locate the origin of a coordinate system y, w at the point O in the direction of
the incident wave (Fig. la). We write the equations of motion of a shell element experiencing
displacements of the order of the magnitude of the shell wall thickness in the form [1]

" =N, =0, M 4+ (1/R) + w')N, +q + ¢, — pHw = 0, (1.1)

where T, Ny are the tangent and normal stresses in the mean surface; My, bending moment in
the peripheral direction; R, H, radius and wall thickness of the shell; p, density of the
material; w, radial displacement; q, q,, pressure of the wave and the surrounding medium; the
prime denotes differentiation with respect to y, and the dot, with respect to t.

Reflection of a planar plastic shock wave from a planar barrier at normal incidence and
incidence at an angle has been studied in [2, 3]. To determine the explosion wave pressure
on the shell, we will use the results of those studies and the "isolated element principle,"
according to which an incident plane wave is reflected from a curvilinear boundary in the
vicinity of each point just as it is reflected from a small element of a plane passing through
the given point. We write the expression for wave pressure in the form

g = p,(t —i/1,)cos0, —n/2<LOLn/2,¢>0,q=0, (1.2)
/2 < 0L —n/2,

where pe = pia(l + /H); Pix 18 the pressure on the incident wave front at the moment of

Ufa. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 4, pp.
127-132, July-August, 1982. Original article submitted June 26, 1981.
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reflection; to is the period over which the pressure acts; n is the medium's compression
exponent; and 0 = y/r 1s the angular coordinate.

On the side opposite the incident wave, due to deformations and displacement as a rigid
cylinder, the shell experiences a pressure which we define by [4]
4 == j’c+pocllba n}’2<6<——n/2, q, =0, (1.3)
' —n/2 <0< n/2,

where pc, po are the yield point and density of the medium; ¢} = E,/po; E, is the plastic
modulus.
The total displacement of the shell is equal to the sum of the displacements of an abso-

lutely rigid cylinder u and the displacement produced by deformation w,. Planar motion of a
rigid cylinder under the action of a pressure wave 1s described by the equation

/2

:n:mo{a + j (uoz.u — g) c0s0d0 -+ p, = 0.
0

Here we assume that the pressure pc is uniformly distributed over the length of the semi-
circle w = u cos 8, me = pH, %¥¢ = pgCy.

2. Let the shell material be ideally rigid-plastic. Below we will use a piecewise-
linear approximation of the plasticity condition for thin-walled shells [5], shown in Fig. 2
by the dashed line, and described by

INY/INGl <1, M /M| < Y,
where No = oyH; Mo = oyH2/4;Oy = 205/V3; 0g is the yield point for uniaxial deformation.
We will consider a motion mechanism, which we will term mechanism I, in which in the
direction of the incident wave at the points 6 = 0, #6,, there appear three plastic joints
(Fig. la). The segments of the envelope between the plastic joints are in a plastic state
AD. The mean surface then experiences compression. The flow law corresponding to this
limiting state can be written in the form
g, 1 Hy=—1:0 (Ny=—Ny — Me<M,<M,),

where ey and ®y are generalized deformation velocities, corresponding to generalized stresses

Ny and My. At the angular points A and D flow mechanisms such as éy: %y, = —1:0 and é,:ky~—
(1 — X):A are also possible.

Thus, at the limits of each segment the field of displacement velocities satisfying the

plasticity condition and the flow law is a solution of the equation,%y:: w =0 and is defined
by
w, = Cy(1)y + Cal?). (2.1)
We find the constants C,; and C, from the conditions we = wi(y = 0), wo = 0(y = yv1):
Co=Fwly O<y<ys —1<y<0), ¢, =w,

The total velocity field is described by w = wo+ u cos 6.,
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Using this stress field and flow law, we transform Eq. (1.1) to

M — N/R + q+ g, — moibo = 0.
The solution of Eq. (2.2) must also satisfy the boundary conditions

(2.2)
M@, t) = M,, M'(0, 1) = 0; (2.3)
M(£98,, 1) = —M,, M'(+6,, i}y = 0. (2.4)
We denote by M; the bending moment in the region 6, <(8<(#9,. Substituting in Eg. {(2.2)
the equations (1.2), (2.1), taking q; = 0, and satisfying conditions (2.3), we find
M, q A , mC,R ,
Ezlz—;—‘—}——zl—el—-{— 061 63——[)0@(1—(:050), . (2.5)
where go = No/R; g5 = 2MJ/R* A4, = ¢, + meCy; @ = 1 — t/t,.
Applying to Eq. (2.5) the boundary conditions (2.4), we obtain a system of equations for
the displacements
g0y - Gy g2 Mobi _ in (2.6)
wlzpo(P(i"cosel)_Q:i’-‘E“el’ ~—5- Wy = PP sin 1 — 020 e
In Eq. (2.6) we set %1 = t = 0 and find the expressions for the limiting static pressure
corresponding to mechanism I. The limiting static pressure will be the lesser of the pres-
sures defined by
Ds= (9262 -+ 2‘]3)/[2 (1 —cosb)], ps= g,0,/sin0,, (2.7)
Here 85 is the angular coordinate of the plastic cylinder defined by the solution of the
equation

8.02(1 — cos 8,) — 8, sin 6,1 — (H/R) sin 8, = Q.
After eliminating the acceleration from system (2.6) we find an expression for the coordinate
9: as a function of wave pressure at the moment of reflection:
Po = (6g; — Qzei)/{z (3 (1 — cos 6;) — 26, sin 8,]}.

(2.8)

Solution (2.5) does not contradict the original assumptions as to the stress field with
M;(O, )<< 0, A/['i(iel, >0 , whence it follows that at the initial moment it must be true that

Po XS Pous Po X Poes
where po1 = 426,/(2 sin 6, — 6,); Poz = qz/cos 0,

(2.9
We will assume that there are also formed in the lower half of the shell at points with
coordinates #0, joints (Fig. la), with the velocity field having the form

w=Cgy + C, 4+ ucosb,
where the integration constants are equal to

(2.10)
Cy = £lw/(n — 0)RIO, <O < 7y —n <O —6,),

C, = —wB/(m — 8,)
scribed by Eq.

and are determined from the conditions V'In = 0(8 = %0,), wo = v:72 (0 = +m). The motion de-—
(2.10) will be called mechanism Ia.
(2.10) and taking q =

Substituting in Eg.
0, we perform the integration.

(2.2) Egs. (1.3),
The bending moment in the region
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6, <8< —B will be termed M,. Applying to Eq. (2.2) the conditions M, (7, t) = Mo, Ma(tm,
t) = 0, we find Mz. Then with the aid of the condition M, (+6,, t) = Mo, Ms (462, t) = 0 we
obtain the system
(7 — 0)¥31(mgw, — %ow;) = —g3—[(1m — 0221 X (g5 — pe)— (1 =+ cos 6y), (2.11)
(o — 8)/21(mqwy — ) = —( — 0)(g — P) — %t sin 6.

Eliminating the velocity and acceleration from Eq. (2.11) we find an expression for the coor-—
dinate of the plastic joints 8,. At the initial moment we find 6, from

0, = — V693/(Q2 — p) &~ n — V' 3HIR.
The conditions My(=+ x, 1)<<0, My (0, 1) >0 give inequalities which take on the form g, —

Pe 2= 0 at the initial moment and are always satisfied.

3. We will consider motion of the shell, when the region I(—0,<C0<(8,) is in a com~
pletely plastic state A, while the region II (60<0 < 61, —0, <0< —0,) is in a plastic state
AD and the velocity flelds have the respectlve forms

w:=w0 I ucosﬂ,w:Csy—{—Cs—{-iacosG, (3.1)

where Cs = #wo(80)/ [(B6 — 81)R]; Ce = —Wo(B0)01/ (60 — 01); 80 = 66(t) is the unknown angular
coordinate of the boundary between the regions with differing plastic regimes. The motion
described by Eq. (3.1) will be termed mechanism II.

The equation of motion for region I has the form
, mo'iuo = Po® €08 0 — g, (3.2)
We note that Eq. (3.2) follows from the moment-free theory of a cylindrical shell.

We integrate the equation of motion of region II, substituting in Eq. (2.2) the second
expression of Eq. (3.1) and taking q; = 0. Applying the conditions My, (8o, t) = Mo, Mi, (20,
t) = Mo, M;l(ieo, t) = 0, M{l(ial, t) = 0 to the solution, we arrive at

287y (00) + Boto (00)] = Popfy — 2 12 — o (3.3)
"”‘;2 ”1-’:‘]0 (8,) + éol}’o (B0)] = Po®fs — Gafr>

where f£1 = 6; — 0o; f2 = cos 6o — cos 6, — £; sin Bo; f5 = sin 8; — sin Be.

The limiting static pressure and angular coordinate of the plastic joints corresponding
to mechanism II are defined by

Ds = (‘Izﬁ + 2Q3)/2f2, Ps = Qfi/ s Ps = ga/c05 By

In analogy to Eq. (2.8) we find an expression for the coordinate 0, as a function of wave
pressure )

Po = (gaf3 — 6g5)/(4f,f5 — 61F,). (3.4)

1 n N
From the condition My, (28,6, t)<< O, Mi1(#6., t) 22 0 we find inequalities which 1limit the pres-
sure value at the moment of reflection '

Po << Poas Po << Poa> (3.5)
where pos = (q2£% + 6q3)/[2(3f, — £2 cos 86)]; poa = qz/cos 0.

We can divide the shell motion into three stages. The first is the drive stage, 0 {t<
ti. At the end of the first stage the displacement velocity reaches its highest value. We
determine t, from the equation 1;70(6, ;) = 0. The value of 8, is time independent, but does
depend on pe, as given by Eq. (3.4).

The second stage, {,<X!<C%. 1In the second stage the kinetic emergy and displacement
rate of the plastic zone decrease. We find the inflection and the angle 8, (t) from the solu-

tion of system (3.2), (3.3) with initial conditions 8o(t,) = 8o, wo(eo, t) = wo(eo, ti),
Wo (B0, t) = wo(Bo, ti). The value of the coordinate 6o, decreases to zero. The time t; is
determined from 6, (t,) = O.
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The third stage f, <{t<(f;. Analysis of this stage is analogous to that of the shell
motion in Sec. 2. The time t; is determined from the condition of equality to zero of the
deflection velocity.

Shell motion is not limited to the mechanisms considered above. Other kinematic states
are possible, which can be studied in the same manner. We have considered additional motion
mechanisms III and IV. In mechanism ITI, plastic joints appear at four diametrically opposed
points (Fig. lc). The shell deforms similarly to the lowest order form with elastic deflec—
tion, and motion of four quarters rigid with respect to deflection in plastic state AD occurs.
In the case of mechanism IV the region—8, <{0<{0, in the direction of the incident wave is
in plastic state A, and the region 0, <0< n/2, —n/2 <0< —0,1is in plastic state AD.

4. A shell has dimensiomns H = 0.015 m, R = 0.5 m, og = 3-10° N/m®, and is located in
water—-unsaturated sandy scil of disrupted structure with frame density of 1.7-10° kg/m>®, mois-
ture content w° = 4-8%. The compression diagram has the form p = 3.35-10°¢2-° [6], where ¢
is the relative deformation of the soil. We take the limiting compression of the soil as
€+ = 0.2, An explosive charge has a thickness 2a = 0.002 m, with isentropy index of the
detonation products y = 1.25., The initial pressure in the cavern is 2-:10° N/m®. We will
define the wave parameters as in [7].

From comparison with the minimum pressures pg of all four motion mechanisms it follows
that the smallest limiting static pressure is pg = 115-10° N/m®, corresponding to mechanism
TI. Therefore in the case of static pressure action, according to kinematic theory, mechanism
I is realized.

With dynamic loading shell deformations commence at pressures po > Pg, where the pressure
on the incident wave front p,x > 45-10° N/m®, which corresponds to explosion distances of 8
m or less.

Figure 3 shows graphs of the pressures poi(i = 1 — 4) as a function of angle 8,. The
graph scale up to 8, = 60° is shown on the left, while for 8, > 60°, the right-hand scale is
valid. Curves 1-3 are graphs of po1(6:), Po2(81), Po3(81), Pou(f1) = poz. The dash—dot
curve shows the change in po with €, according to Eq. (2.8). The horizontal dashed line is
the pressure pg. The joint coordinates are 8g = 44°, 6, = +163°.

As is evident from Fig. 3, in the pressure range Ps=<< Pp= 147-10° N/m® inequality (2.9)
is satisfied and mechanism I is realized. At 147 < po<C 860-10° N/m?® inequality (3.5) is
satisfied and shell deformation follows mechanism ITI. On the side opposite the incident
wave, mechanism Ia is realized. A curve of po(8o) is shown in Fig. 4. For the case po >
860°10° N/m* the angle 0, = n/2, and the shell deforms by mechanism IV. Mechanism IIT is
not realized, since the inequalities analogous to Eqs. (2.9), (3.5) are not fulfilled.

From solution of the first equation of Eq. (2.6) we find the residual deflection, which
at a pressure of po = 132-10°> N/m® and c¢; = 100 m/sec is equal to 1.64 cm. The coordinate of
the deformation région 8; = 50°, and the explosion distance is 7.5 m.
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EQUATIONS OF ELASTOVISCOPLASTIC MEDIUM WITH
FINITE DEFORMATIONS

V. I. Kondaurov UDC 539.371

In this paper, we examine the nonstationary equations of the theory of flow of finitely
deformed elastoviscoplastic materials. We analyze two approaches to describing the kine-
matics of such media. We study the restrictions imposed on the determining equations by the
entropy inequality and the requirements of invariance relative to orthogonal transformations
of the actual, unloaded and initial configurations. The complete system of equations is
written in divergence form, which permits obtaining all allowable relations at strong dis-
continuities. In the adiabatic approximation, the system of equations reduces to a sym—
metrical form and we formulate sufficient conditions for hyperbolicity.

1. Kinematics. Let & be the radius vector of a particle in the medium in the initial
configuration of the body and x the actual instantaneocus configuration. We shall assume that
the initial configuration is the natural configu{ation [1, 2] with constant temperature 8 = 8,

and density p = po = counst. We shall denote by evéb the basis vectors of the starting and

accompanying Lagrangian system of coordinates [1] and by €, the basis of the spatial Carte-
sian coordinate system, such that

d& = d¥fe,, dx = dae, = dE'e;. (1.1)
We shall assume that the mapping (deformation) of the starting configuration into the
actual configuration

x = x(&, 1), (1.2)

where t is the time, is mutually unique and continuously differentiable the required number
of times. For fixed t, it follows from (1.2) that

dx = F.d§ = (€,F%eY)-(c;d) = é’aFt_'J'.dgf, (1.3)

where F is the tensor of the gradient of the total deformation. Equating (l1.1) and (1.3) we
see that

-~ o :.
e =&, (1.4)

1 . 3 - . . I3 ° 3
i.e., the matrix Fl' is the linear transformation of both df into dx and the basis ¢; into
~ "3
the basis e;

Using the definition of the velocity vector v = 3x(&, t)/atlg and relation (1.4), we
obtain

. den . OF%;

dv=vyv-dx = dg‘_;_‘ =ggt

t lem at

°'__dF
€y == | +dE,
: m P 6J§ ¢

from where in view of the arbitrariness of dx follows the kinematic relation [1, 2]

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 4, pp.
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